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Abstract — We consider an erasure multi-way relay channel 
(EMWRC) in which several users share their data through a 
relay over erasure links. Assuming no feedback channel between 
the users and the relay, we first identify the challenges for 
designing a data sharing scheme over an EMWRC. Then, to 
overcome these challenges, we propose practical low-latency and 
low-complexity data sharing schemes based on fountain coding. 
Later, we introduce the notion of end-to-end erasure rate (EEER) 
and analytically derive it for the proposed schemes. EEER is 
then used to calculate the achievable rate and transmission 
overhead of the proposed schemes. Using EEER and computer 
simulations, the achievable rates and transmission overhead of 
our proposed schemes are compared with the ones of one-way 
relaying. This comparison implies that when the number of users 
and the channel erasure rates are not large, our proposed schemes 
outperform one-way relaying. We also find an upper bound on 
the achievable rates of EMWRC and observe that depending on 
the number of users and channel erasure rates, our proposed 
solutions can perform very close to this bound. 

Index Terms — Erasure multi-way relay channels, data sharing, 
fountain coding, transmission strategy. 



I. Introduction 
A. Background and Motivation 

The concept of two-way communication was first inves- 
tigated by Shannon [1] and later, multi-way channels were 
considered [2]. Also, relay channels have been a prominent 
topic in communication theory since its early stage [3], [4]. 
However, the combination of multi-way channels and relay 
channels appeared many years later in the form of two-way 
relay channels and multi-way relay channels (MWRCs) [5]- 
[7]. In an MWRC, multiple users want to exchange their 
data with each other. The users do not have direct links to 
one another and a relay is used to enable the communication 
between them. Using the relay, data sharing between the users 
happen in the form of uplink (multiple-access) and downlink 
(broadcast) phases. Some practical examples of multi-way 
relaying are file sharing between several wireless devices, 
device-to-device communications, or conference calls in a 
cellular network. 

MWRCs have been initially proposed and studied for Gaus- 
sian [7], [8] and binary symmetric [9] channels when the 
channel state information is known at the relay as well as users. 
Hence, they can use this information to apply appropriate 
channel coding. However, the channel state information may 
not be always known, e.g. when the links between the users 
and relay are time-varying. Under this situation, channel 
coding fails to provide error-free communication. From the 



viewpoint of higher network layers, this is seen as an erasure 
channel where the data (packet) is received either perfectly 
or completely erased. Another possible situation where the 
erasure channel fits is a fading environment when one or more 
users experience a deep fade resulting in the signal loss at the 
relay. For more information on the erasure models for multi- 
user relay communication the reader is referred to [10]— [12]. 
In this work, we focus on erasure MWRCs (EMWRCs) and 
seek effective data sharing schemes for them. 

Packet retransmission protocols are a simple solution to 
combat erasure. However, these protocols are wasteful in 
EMWRCs especially in the broadcast phase. To be more spe- 
cific, if any user misses a broadcast message, a retransmission 
protocol forces the relay to broadcast its message to all users 
again. Further, implementing packet retransmission schemes or 
fixed-rate codes to combat erasure requires having feedback 
channels between the users and the relay [13]. Having such 
feedback channels is not always feasible. Fountain coding 
(e.g LT codes [14] or Raptor codes [15]) is another well- 
known solution which is shown to be near-optimal for erasure 
channels without the need for feedback [13]. Considering the 
benefits of fountain coding in broadcast scenarios, in this work, 
we use fountain coding to develop data sharing schemes for 
EMRCs. As we discuss later, implementing fountain coding 
for EMWRCs has many challenges. These challenges are 
identified and considered in the design of our strategies. 

B. Existing Results and Our Contributions 

The notion of fountain coding for wireless relay networks 
has been originally proposed in [16] where one source sends 
its data through one or more relays to a destination. It is shown 
that the presented fountain coding scheme is simultaneously 
efficient in rate and robust against erasure. In [17], a distributed 
fountain coding approach is suggested where two (four) users 
communicate to a destination via a relay over erasure channels. 
Also, fountain coding can be exploited to relay data across 
multiple nodes in a network [18]. 

In addition, [19]— [21] consider fountain coding scenarios 
for different setups of relay networks over fading channels. 
Molisch et al. consider a cooperative setup in [19] where 
one source sends its data to a destination through multiple 
relays and argue that using fountain coding reduces the energy 
consumption for data transmission from the source to the 
destination. Also, in a fading environment, [20] and [21] apply 
fountain coding to improve the performance in a four-node 
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(two sources, one relay, and one destination) and a three-node 
(one source, one relay, and one destination) setup respectively. 

Applying fountain coding to EMWRCs, however, has its 
own challenges. First, it is undesirable to perform fountain 
decoding and re-encoding at the relay as it requires waiting 
for all data packets of all users. To avoid this latency, we are 
interested in data sharing solutions that can work with fountain 
coding/decoding only at the users. Second, if users' fountain 
codes are not synchronized, each user needs to track the 
combinations of packets formed at all other users. This means 
either extra overhead or extra hardware complexity. Third, 
since data of all users are mixed during the transmission, 
fountain decoding will almost surely fail at some users as the 
received degree distribution will differ from that of the trans- 
mitted one. In particular, the weight of degree-one equations 
will be very small (due to mixing at the relay), causing the 
decoder to stop at early stages. Thus, the users' data sharing 
strategies must be designed to combat this problem. Finally, 
we like to have data sharing strategies that are readily scalable 
with the number of users. 

It is important to notice that the existence of the side 
information in each user (i.e. each user knows its own data) 
makes EMWRCs different from one-way relay networks in 
which a set of users, called sources, send their data to another 
set, called destinations. An efficient data-sharing strategy for 
EMWRCs should make use of this side information effectively. 

The focus of this paper is on devising efficient data sharing 
strategies based on fountain codes for EMWRCs. Considering 
the design challenges pointed above, we devise two data- 
sharing scheme that (i) need fountain coding/decoding only 
at the users' side (thus they have low latency) (ii) work with 
synchronized fountain encoders (hence, does not expose extra 
overhead or hardware complexity) (iii) can decode each user's 
data separately (thus fountain decoding will not fail) and (iv) 
are easily scalable with the number of users. We also show 
that the system's performance can be further improved by 
performing simple matrix operations at the relay as well as 
shuffling the users' transmission order. 

To evaluate the performance of the proposed schemes, we 
introduce the concept of end-to-end erasure rate (EEER). 
Using EEER, we compare the achievable rates of our schemes 
with the existing conventional one-way relaying (OWR). Fur- 
thermore, we derive an upper bound on the achievable data 
rates of the considered EMWRC. The achievable rates of our 
schemes are then compared with this bound to determine their 
performance gap. This comparison reveals that depending on 
the uplink and downlink erasure probabilities and number of 
users, our proposed data sharing strategies can get very close 
to the rate upper bound and outperform OWR. The proposed 
schemes are also compared with OWR in terms of their 
transmission overhead. The implication of this comparison is 
that for small erasure probabilities or small number of users, 
the proposed schemes accomplish data sharing between users 
with a smaller overhead than OWR. 

II. System Model 
In this paper, we study an EMWRC with N users, namely 
U\,U2, ■ ■ ■ ,un- The users want to fully exchange their in- 



formation packets with the help of a (low-complexity) relay. 
Each user has K information packets and we assume that the 
information packets are seen as data bits. It means that for the 
fcth packet at Ui, denoted by m^fc, we have m^fc £ {0, 1}. 
Also, at a given transmission turn, the transmit message of 
ui, derived from its information messages m^i, . . ■ ,rrii t K, 
is denoted by Xi £ {0,1}- Although the channel inputs 
are binary, the channel outputs are from a ternary alphabet 
{0, 1,E}. Here, E denotes the erasure output. 

To share their data, users first send their transmit messages 
in the uplink phase. In each uplink phase, some (or all) users 
send their data to the relay. The transmitted packet of itj 
experiences erasure with probability e Ui in the uplink phase. 
Thus, the relay receives 

N 

yr=}^ai h Xi (1) 

where the summation is a modulo-2 sum. In ([]}, is a 
binary variable showing whether Xi is transmitted in the uplink 
or not. For ai = 1 indicates that Xi is transmitted and 
a-i = otherwise. Also, the Bernoulli variable bi represents 
the erasure status of Xi. Here, bi = 1 (with probability 1 — e Ui ) 
means that x.i has not been erased in the uplink. In (fl]i, if all 
transmitting users experience erasure, y r = E. 

Please note that a similar transmission model has been 
considered in [10]— [12] to model erasure two-way relay and 
multiple-access channels. The model in ([U mimics a wireless 
multiple-access channel where users transmit their data over a 
fading environment [11]. When some users go into the deep 
fade, the relay loses their signal and their transmitted data are 
erased. In the case of deep fade over all users, the relay does 
not receive a meaningful signal and declares erasure. 

After receiving the users' data in the uplink phase, the 
relay forms its message x r based on y r . In the downlink, 
relay broadcasts its message to all users. Ui misses relay's 
broadcast message with erasure probability and receives it 
with probability 1 — . 

After receiving the relay's broadcast message, each user first 
tries to separate different users' data from each other and then 
decodes them. The uplink and downlink transmissions should 
continue until each user is able to retrieve the information 
packets of any other user (full data exchange). 

III. Data Sharing Schemes 

In this section, we propose our data sharing schemes for 
the discussed EMWRCs. Our proposed data sharing schemes 
consist of four principal parts: i) Fountain coding at the 
users, ii) Users' transmission strategy, iii) Relay's transmission 
strategy, and iv) Data separation at the users. In the rest 
of this section, we discuss each of these parts in details. 
The performance gap of these schemes is later evaluated by 
comparing their achievable rates with a rate upper bound 
derived in Section [V] 

A. Fountain Coding 

To sustain reliable communications in an EMWRC, an 
appropriate scheme should be employed to combat erasure. 
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Retransmission protocols are a simple approach for this pur- 
pose, however, they are wasteful for EMWRCs due to the 
significantly large number of transmissions that is needed 
to ensure receiving data by all users in the BC phase [13]. 
Furthermore, implementing retransmission protocols as well 
as conventional erasure correcting codes (e.g. Reed-Solomon 
codes) requires a feedback channel between the users and the 
relay. Another approach for combating data erasure is fountain 
coding which provides reliable data communication without 
the need for a feedback channel. In the following, we describe 
how fountain coding is employed in our proposed data sharing 
schemes. 

If relay wants to perform fountain decoding and re-encoding 
before forwarding the data to the users, it should wait to 
receive all data packets from all users and then decode them. 
This causes a significant delay in the data sharing process. 
Thus, in our proposed solution, the fountain encoding and 
decoding are performed only at the users. More specifically, Uj 
encodes its information packets, m^fe where k = 1, 2, . . . , K, 
with a fountain (e.g. a Raptor [15]) code and forms its transmit 
message x-i. As mentioned previously, we denote the packets 
by binary symbols for the sake of simplicity. 

In addition, the fountain encoders at the users are considered 
to be synchronized. With synchronized encoders, each user can 
easily keep track of the combinations of the packets formed 
at the other users without exposing extra hardware complexity 
or overhead to the system. Knowing the combination of the 
formed packets is important to proceed with the fountain 
decoding at the users. To implement synchronized fountain 
encoders, users have identical random number generators with 
equal initial seeds Q. 

After encoding their packets, users send them in the uplink 
phase. They continue transmitting fountain-coded packets until 
the data sharing is finished and all users have the full data 
of any other user. Assuming K information packets at each 
user, if data sharing is accomplished after sending the K'th 
encoded packet, the overhead is defined as O = K ?C K [13]. 
Please note that here, we consider the transmission overhead 
to evaluate the performance of the data sharing strategies. 
Another commonly-used measure for fountain codes is the 
reception overhead which depends on the characteristics of 
the underlying fountain code. Since we do not deal with the 
fountain code design, reception overhead is irrelevant to our 
discussions. 

B. Users' Transmission Strategies 

In our proposed data sharing schemes, we define a round of 
communication consisting of L uplink and L downlink trans- 
missions (time slots). During one round of communication, 
users want to exchange one of their fountain coded packets. 
Depending on the users' transmission strategy, a set of users 
simultaneously send their fountain coded packets to the relay 
in each of these L time slots. A users' transmission strategy 

'An alternative to our synchronized scheme could be distributed fountain 
codes, where the data of multiple sources are independently encoded in a way 
that the resulting bit stream would have a degree distribution approximating 
that of the fountain code [17]. The scheme is not easily scalable and its 
performance suffers from uplink erasures. 



is determined by the transmission matrix A = [ai^LxN- 
According to A, Ui transmits in Zth uplink slot if aij = 1. 
Otherwise, Uj stays silent and does not transmit. 
In the Zth uplink slot, the relay's received signal is 



N 



Vi,l = 2J a M h,i 



(2) 



In (fJJ, bi t i is a Bernoulli random variable representing the 
erasure status of Xi in the Zth uplink slot. Here, bi.i = with 
probability e Uj and bij = 1 with probability 1 — e Ui . Defining 
x = [a^ATxi and y r = [y r .i\Lxi, © can be rewritten in the 
following matrix form 



y r = (A B)x = A r x. 



(3) 



In (O, B = [6;,i]LxJV and represents the Hadamard product. 
Also, A r is the relay's received matrix. 

In this work, we consider three different users' transmission 
strategies: conventional one-way relaying and our proposed 
pairwise transmission strategies. 

1) One-Way Relaying (OWR): In this scheme, L — N, and 
the data of each user is solely sent to the relay in one of the 
uplink slots. For OWR, the uplink transmission matrix A is 
an iVx N identity matrix, i.e. A = l(N). 

2) Minimal Pairwise Relaying (MPWR): The scheme di- 
vides the uplink and downlink into L = N — 1 transmissions. 
A sequential pairwise data communication to the relay is used 
in MPWR. In particular, in time slot I of the uplink, m and 
ui + \ transmit to the relay. The pairwise scheme is shown to be 
capacity achieving when the links are binary symmetric [9]. 
The MPWR's uplink transmission matrix is 
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(4) 



1 1 / (N-l)xN 

3) One-Level Protected Pairwise Relaying (OPPWR): By 
using one extra uplink time slot compared to MPWR and 
sending a pairwise combination of the first and the last users, 
OPPWR has an extra protection against erasure compared to 
MPWR. More specifically, it can tolerate at least one erasure 
either in the uplink or in the downlink transmissions, which 
does not hold for the MPWR scheme. For this scheme, 
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(5) 



NxN 



C. Relay's Transmission Strategy 

After receiving y r in the uplink phase, relay forms its 
message x r = [a; r> i]i X i based on y r . Then, x r is sent to the 
users in L downlink transmissions. As mentioned before, we 
like to sustain a low-latency and simple relaying. To this end, 
we consider two different scenarios for the relay to form its 
message, x r . 
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In the first scenario, relay simply forwards its received 
signal, i.e. x r j = y T j, in each time slot. In this case, relay 
does not need to buffer the received signals in the uplink slots 
and has the minimum relaying latency. 

In the second case, relay has a buffer with length L for its 
received signal and is capable of performing simple elementary 
matrix operations. By buffering the received signals in the 
uplink slots and knowing which packets have been erased, 
the relay forms A r . Now, in the case of erasure events in the 
uplink, relay performs elementary matrix operations on A r and 
tries to retrieve all erased elements of the original transmitted 
matrix A or at least some of them. The result of the matrix 
operations on A r is called A. Relay then performs the same 
matrix operations on y r to form x r . In other words, x r = Ax. 
We call this method matrix reconstruction. Since relay may 
be able to retrieve some of the erased elements of A, doing 
matrix reconstruction can lower the effective uplink erasure 
rate. Note that no fountain decoding is needed at the relay 
and the low-latency requirements are still met. 

Example 1: Consider an EMWRC with N = 3 users and 
OPPWR is used as the users' transmission strategy. In this 
case, 



(6) 



Now, assume that in the third uplink slot, U3's data has been 
erased. Thus 

' 1 1 \ 
Oil. (7) 
10 0/ 

If the relay does the modulo-2 sum of the first and second rows 
of A r , it can retrieve A. Thus, in this case A = A. Note that if 
the relay does not perform reconstruction and x r ,2 is erased in 
the downlink, X3 will be lost, but with reconstruction, it can 
be retrieved. 




where A ri is the received matrix at Uj. Here, the rows of A r; 
are equal to the rows of A except that some rows are erased. 

Without loss of generality, we consider the data separation 
at u\. Knowing its own data packet, ui tries to find other 
users' transmitted data by solving the following system of 
linear equations 

A 1 x=[x 1 y 1 ] T (9) 



where 



Ai 



1 ... 



(10) 



The transmitted packet of user j, Xj, is erased at u\ when 
it cannot be retrieved by solving From ( [Tol l, it is seen 
that L should be at least JV — 1 to make data separation 
feasible. After separating the data packets of each user, u\ 
waits until receiving enough packets to proceed with the 
fountain decoding. 

Example 2: Consider an EMWRC with N = 4 users. In 
this EMWRC, MPWR is used and the relay simply forwards 
its received messages without doing reconstruction. In this 
case, 

/ 1 1 \ 
A = 1 1 . (11) 
\ 1 1 / 

Now, assume that X2 is erased in the second uplink trans- 
mission. Also, x r ,3 has been erased in the downlink and the 
received signal at ui is y 1 = [0 1 E] T . Assuming x\ = 1, Ui 
forms the following system of linear equations to find X2, 23 
and X4: 



f 1 
1 
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(12) 



From (fT2l . u\ finds that X2 = X3 = 1 while X4 is declared as 
erasure. 



D. Data Separation 

After receiving the downlink signal from the relay and 
knowing its own transmitted packet, each user first separates 
the data of other users before proceeding with the fountain 
decoding. If the data separation is not done, the user should 
treat all data from all other users as a large stream of fountain 
coded packets. This can result in the failure of fountain 
decoding due to not receiving enough degree-one packets. 
After separating data packets, the user stores them to proceed 
with the fountain decoding. 

Here, it is assumed that the users know matrix A. This 
can be achieved in practice by adding an overhead of size 
2N to each packet. For practical cases, this extra overhead is 
negligible compared to the size of the packets. 

Let y,j = [yi t i\Lxi be the received vector at m after one 
round of communication. Here, either yi^ = x t> i or yij = 

E. The received downlink signal at ui can be written in the 
following matrix form 



IV. End-to-end Erasure Rate 

To study the performance of the three aformentioned 
schemes, we introduce a useful concept called end-to-end 
erasure rate (EEER). This concept is helpful in: i) finding 
the achievable rates of the schemes, and ii) calculating their 
transmission overhead. 

Consider an arbitrary user, m. For any j ^ i, if we are 
able to identify the erasure rate of u/s packets at Ui, denoted 
by Cij, we can simply model the communication between 
this pair of users with an erasure channel with the erasure 
probability of e^.j. The achievable data rate over this channel 
is then 1 — ejj. Also, the transmission overhead of an ideal 
fountain code for data transmission from Uj to Uj over this 
channel is 



O 



1 



(13) 



1 i-j 



y, 



Based on the above discussion, we define pairwise EEER 
which is the erasure rate between a pair of users where one of 
them serves as the data source and the other one as destination. 
Having N users in the systems results in Nl - N ^ 1 ' pairwise 
(8) EEERs. Now, we define maximum EEER, which we simply 
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call EEER and denote it by e/, as the maximum erasure rate 
over all pairs of users. In other words, e/ = maxe^-. Since 

i,3 

the achievable common data rate, R, is determined by the data 
transmission rate between the users experiencing the worst 
erasure, we have R = 1 — e/. With a similar argument, the 
overall transmission overhead is 



O 



(14) 



Please note that in practice, the transmission overhead is larger 
than (fl4l due to using non-ideal fountain codes. 

A. EEER Calculation for OWR 

Using OWR, a packet sent from user i is received by user 
j if it is not erased neither in the uplink nor in the downlink. 
Thus, defining e Uf = 1 — e Ui and Id = 1 — e^., we have 
= 1 — tuiCdj- Now, EEER is 



,OWR 



1 



mm e Ui e d 

1,3 



(15) 



Note that the reconstruction process at the relay is not helpful 
when OWR is used since the relay receives the data of a 
specific user in only one uplink channel use. Further, for a 
symmetric EMRWC where for all i, e Ui = e u and = e<j, 
pairwise EEERs are all equal for any pair of users. 

B. EEER Calculation for MPWR 

For MPWR, the relay receives the data of each user (except 
the first and the last ones) in two uplink time slots. Thus, it 
may be able to employ data reconstruction for it 2 to ujv_i in 
order to retrieve their data if it is erased in only one uplink 
transmission. In the following, we study EEER for both cases 
when the relay does not perform data reconstruction and when 
it does. 

MPWR without Reconstruction: First, we study e^x, the 
pairwise EEER of Ui, i = 2, . . . , N, at u\. Then we extend 
the analysis to other users. For decoding at u\, let us call the 
probability of finding Xi at zth or (i + l)th rows of Ai by 
Pi(i) and P 2 1 (i) respectively. 

First, we calculate Pi(i). Notice that -Pi(l) = 1 since x\ is 
always known at u\. For i > 1, Xj is found in row i when this 
row is not erased in the downlink phase and : (i) No erasure 
has happened in row i during the uplink phase and the value of 
Xi-i has been found from row i — 1 or (ii) In the ith row, Xi-i 
was erased in the uplink phase, while .t, has been perfectly 
received (only Xi exists in this row). Hence, 

Pitt) = - 1) + )■ (16) 

Having P 1 1 (l) = 1, by solving the above recursive equation 
for i — 2, . . . , N, all (i)'s are found. 

Now, we calculate P 2 1 (i)- Since xn appears just once in 
© when MPWR is used, P£(N) = 0. Also P%(1) = 1. By a 
logic similar to the one used for the calculation of Pi(i), for 
i = 2, . . . , N — 1, we have 



Pi(i) = f-d 1 (e- Ui e Ui+1 P 2 (i + 1) + e Ui e Ui+1 ). 



(17) 



Now, to complete the pairwise EEER calculation, we just 
need to find P c x (i) representing the probability of finding Xi at 



u\ in both i and (i + l)th equations. Here, Xi can be retrieved 
from both ith and (£+l)th rows if none of these rows is erased 
in the downlink and Xi does exist in both rows. Also, one of 
these situations should happen: (i) x,_x in row i and Xi+± in 
row i + 1 are both erased in the uplink phase, (ii) Either Xi-\ 
or Xi+i is erased in the uplink phase and the other one was 
found before solving the corresponding equation, (iii) Nothing 
is erased in the uplink phase and x^-i and Xj+i have been 
previously found. Thus, for i = 2, . . . , N, we have 



Pc(i)- 



f 2 f 2 

e d 1 e u, 



^-Ui — \£ui+\~ i r£ui-\-\£ui-\P\ 1) 



(18) 



e Ut+1 P\ (t+ 1) + e Ui+1 e Ui+1 P\ (< - 1)P 2 X (i+ 1) 



Now, the probability of finding x\ at u\ is 

P 1 ( l ) = P 1 1 ( l ) + P 2 1 (z)-P c 1 ( i ) 



(19) 



and e ?u = 1 - P\i). 

Let us derive the probability of finding Xi at user j, called 
P J '(i)- Since Xj is known at user j, finding the values of 
Xj—i, Xj-2, ■ ■ ■ , x\ can be seen as finding X2, X3, . . . , Xj at u± 
when there are only j users in the system trying to exchange 
their data. Thus, for i = 1, 2, . . . , j - 1, P j (i) = P x (j -i+ 1) 
where P 1 ( ) is calculated when there are j users in the 
system. Similarly, for i = j + 1, j + 2, . . . , N, we have 
P J (i) = P 1 (i — j + 1) when only N — j + 1 users exchange 
their data. Hence, ejj is derived. 

Similar to OWR, tf PWR = maxey. Furthermore, the 



'•j 



average erasure rate that each user experiences is 



N 

E 



N 



e MPWR J = 1 »=1.»^J 



(20) 



N(N-l) ' 

The importance of ^ic WR I s l ater discussed in Subsection 

Remark 1: Assume a symmetric EMWRC where e Ui = e u 
and = e<j for all i. In this case, unlike OWR, pairwise 
EEERs are not necessarily equal when MPWR is used. Further, 
it can be shown that 



minP J (i) = P 1 (N) = P N (1) 



3,1 



(21) 



Thus, e ¥ PWR = maxeij = 1 - P 1 (N). 



• ■j 



MPWR with Reconstruction: Reconstruction at the relay is 
performed on A r and gives A. Its purpose is to reduce the 
uplink erasure rate without affecting the downlink. In the 
following, we find the equivalent uplink erasure rate when 
MPWR along with relay reconstruction is used. The equivalent 
uplink erasure probability of Xi in jth pairwise transmission is 
the probability of not being able to retrieve it at jth equation 
even after reconstruction at the relay. Notice that Xi appears 
in [i — l)th and ith equations of A. Thus, j G {i — 1, i}. 

First of all, if x\ or xn is erased in its associated transmis- 
sion, it never can be retrieved since these data packets appear 
in only one row of A. Now, assume that Xi, 2 < i < N — 1, 
is erased in (i — l)th equation. To find Xi from the rest of 
equations, one of these cases should happen: i) Xi+i is erased 
in ith equation while x% exists there, ii) Both Xi and a;,+i 
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exist in ith equation, and only Xi+i is received by the relay 
in (i + l)th equation, and so on. This continues until the case 
where all x,'s in the ith to (N — 2)th equations exist and xm is 
erased from the (N — l)th row of A while xn-i exists. Thus, 
the probability of retrieving Xi in the (i — l)th row of A r when 
it has been originally erased in the uplink transmission is 



„2 i 1 — — —2 — —2 —2 



N j-1 

e k n 4i- 

j-i+l k=i+l 



(22) 



Having P*' 1 1 , the equivalent uplink erasure rate of Xi in (i — 
l)th equation is 



^(l-i**" 1 ). 



(23) 



Now, assume that Xi is erased in ith equation. It can be 
found if: i) Xi appears in (i — l)th equation while a;,_x is 
erased, ii) Both Xi and a;,_x appear in (i — l)th equation and 
only Xi-\ is received by relay in (i — 2)th equation, and so 
on. The last possible situation is when x\ is erased in the first 
equation while X2 exists and none of Xj's in the second to 
(i — l)th equations is erased. Thus, the probability of erasure 
correction for Xi at equation i is 

Pc = £u i e u i - 1 +£ii i £ Ui _ 1 £iii_2 • ■ + ^u i ^ Ui _ 1 f« 2 e «i 
i-1 i-1 

=^ek n 4i- ( 24 ) 

Similarly, the equivalent uplink erasure rate of it, when it 
experiences erasure in ith uplink transmission is 



(25) 



Notice that P^ 1 = p^,N-i = Xo apply the effect 
of reconstruction on EEER calculation, we should properly 
replace e Ui with either e^ _1 or e". In other words, Xi 
experiences erasure in the ith row of Ai with e^" 1 and with 
e^i 1 in the (i + l)th row. 

Remark 2: For a symmetric EMWRC with MPWR, it can 
be shown that in the limit of N — > oo, we have 



25(i**-i) = 



1 + eu 

i + a ' 



(26) 
(27) 



where e u = 1 — e u and P(-) is the expected value. As a 
consequence, both e" _1 and e^ 1 approach 



2-e„ 



C. £££7? Calculation for OPPWR 

OPPWR without Reconstruction: Consider one round of 
communication for OPPWR which consists of N pairwise user 
transmissions. Since for OPPWR, A is a circulant matrix, with- 
out loss of generality, we find ej i for i = 2, 3, . . . , N. Other 
pairwise EEERs are similarly found by proper circulation of 

Having x\ (the first row of Ai in ([Toll). u\ can find Xi either 
in row i or i + 1 of (O for i = 2, 3, . . . , N. Let us denote the 
probability of finding Xi in row i and i + 1 by P\(i) and -P2CO 



respectively. Thus, the probability of retrieving Xi in u\, P(i), 
is 

p(i) = Ptii) + p 2 (i) - p c (i) (28) 

where P c (i) is the probability of being able to retrieve Xi in 
both ith and (i + l)th rows of Ai. 

Pi(i) is found similar to ( TTol l. Further, due to the cyclic 
structure of A, it can be shown that P^ii) = Pi(N — i + 2) 
for i = 2, 3, . . . , N. Derivation of P c (i) is also similar to ( fT8l . 
To calculate P c (i) in ( TT8l , we should substitute + 1) by 
-P(l) = 1 when i = N. This is because x\ appears with xn 
for the second time and is always known at u\. Having all 
terms in ( l28l . e^i = 1 — P(i). Further, using the circulant 



structure of A, it can be shown that e,. 



ti-j+i 



j. Having 



the pairwise EEERs, e OPPWR _ maxe . . an( j use rs' average 



OPPWR 



is simply calculated similar to 



erasure rate, e 

Remark 3: For a symmetric EMWRC, pairwise EEERs are 

not equal when OPPWR is used. In this case, it can be shown 

tw ,oppwr _ , 

mat e f — e|_jy/2j+i,i- 

OPPWR with Reconstruction: Similar to MPWR, we calcu- 
late e" _1 and e^* to derive the uplink equivalent erasure rate. 
With a similar logic, it can be shown that for OPW 



, . .2 . -2 -2 



■2 



iV+i-2 



3-1 



3=« 



and 



- -2 -2 -2 -2 



JV-1 



3-1 



3=1 



(30) 



fe=i 



where m(-) represents modulo- operation. Other stages of 
EEER calculation are similar to what described for MPWR. 

Remark 4: For a symmetric EMWRC with OPPWR, it can 
be shown that for all i, P c i ?_1 = P^ 1 = P c . Further, in the 
limit of N — >• 00, 



Pr. = 



(31) 



As a consequence, similar to MPWR, e„ ^ = ejf = 



D. Numerical Examples 

Here, we present some numerical examples for EEER of 
proposed schemes. Further, we discuss how EEER can be 
decreased by modifying the users' transmission scheduling 
and employing a shuffled transmission schedule for users. The 
following cases are for a symmetric EMWRC with uplink and 
downlink erasure probabilities e u and respectively. 

Figure Q]depicts EEER (maximum pairwise EEER), average 
pairwise EEER and the minimum pairwise EEER among the 
users when MPWR is used. As seen, there is a significantly 
large gap between EEER and average pairwise EEER. Similar 
results are presented in Figure|2]when OPPWR is used. Having 



7 



such a large variance between pairwise EEERs noticeably 
limits the achievable rate of the system. Please note that for 
OWR, all pairwise EEERs are equal, thus, numerical results 
are omitted here. 



Minimum erasure rate: e j = e d = 0.1 

Maximum erasure rate: = e d = 0.1 

Average erasure rate:e |J = e d = 0.1 

- Minimum erasure rate: = e d = 0.05 

- . Maximum erasure rate: e d = e d = 0.05 

Average erasure rate:e =Ej = 0.05 
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Number of users (N) 

Fig. 1. EEER, average pairwise EEER and minimum EEER for MPWR. 



— Minimum erasure rate: e d = e d = 0.1 

— Maximum erasure rate: e u = £ = 0.1 
Average erasure rate:e u = s d = 0.1 

- i Minimum erasure rate: e u = £ . = 0.05 

- , Maximum erasure rate:^ = e d = 0.05 

Average erasure rate:e = e = 0.05 




Number of users (N) 

Fig. 2. EEER, average pairwise EEER and minimum EEER for OPPWR. 

To improve the system's achievable rate, it is desired to 
decrease EEER. For this purpose, we suggest using a shuffled 
(random) transmission scheduling to narrow the gap between 
the EEER and the average pairwise EEER. In this approach, 
all users have psuedorandom number generators with the same 
initial seeds. Thus, the output of number generators are equal 
at all users. For each round of communication, psuedorandom 
number generators give a random permutation of numbers 
from 1 to N. We denote this psuedorandom sequence by 
{Si, 5*2, ... , Sn}- This random sequence specifies the order of 
transmission by users. For our proposed pairwise schemes, in 
the first uplink transmission, user Si and user S2 transmit, in 
the second uplink transmission, user S2 and user S3 transmit 



and so on. For OPPWR, user Sn and user Si also transmit 
together in the last uplink slot. 

In the abovementioned shuffled scheduling, ith row of A 
is assigned to the pairwise transmission of us t and us i+1 
for each round of communication. Note that us\ and us i+1 
can be any arbitrary two users from ui to ujy in each 
round. Thus, by doing shuffled scheduling over large number 
of communication rounds, we expect EEER and minimum 
pairwise EEER to converge to the average pairwise EEER. As 
a consequence, shuffled transmission scheduling significantly 
evens out the pairwise erasure rates resulting in a lower overall 
EEER. 

Effect of the reconstruction on the equivalent uplink erasure 
probability is presented in Figure [3] and Figure [4] for MPWR 
and OPPWR, respectively. In these figures, the average equiva- 
lent uplink erasure probability over all users is depicted versus 
the uplink erasure probability and the number of users. As 
seen, for small N, reconstruction is not much helpful when 
MPWR is used. For instance, if N = 2, reconstruction does 
not improve the performance at all since the data of each user 
(here, two users) exist in only one uplink transmission. Hence, 
there is no redundancy for retrieving the users' data from 
other uplink transmissions if it is erased. On the other hand, 
reconstruction causes the best improvement in terms of erasure 
rate for OPPWR when N = 2. This is due to the repetitive 
transmission of users' data (each user's data packet is sent 
twice). As number of users increases, performance improve- 
ment by reconstruction increases for MPWR while it decreases 
for OPPWR. However, generally speaking, reconstruction at 
the relay has a more significant improvement for OPPWR. 




Number of users (N) 



2 



Uplink erasure probability 

Fig. 3. Equivalent Uplink erasure probability for MPWR. 

V. Rate Upper bound 

In this section, we derive an upper bound on the achievable 
common data rate, R, for the described EMWRC. This bound 
is later used to evaluate the performance of the proposed data- 
sharing schemes. To find the rate bound, we apply cut-set 
theorem [4]. 

To start, we first consider data transmission from other users 
to Ui and derive the rate upper bound in this case. For this 
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Fig. 4. Equivalent Uplink erasure for probability OPPWR. 



user, two cuts are considered (Figure \5}: the cut considering 
the relay and m as receivers of a multiple-access channel 
interested in decoding the data of other N — 1 users, and the 
cut considering the relay as the transmitter to it.;. For the first 
cut, the data rate is limited by the user with the worst uplink 
erasure rate as well as the sum-rate condition. Using similar 
arguments as [12], it is easy to show that the sum-rate for the 
first cut is bounded by 1— JYjLi j^i e «j- Thus, by denoting the 
transmitted common data rate from other users to Ui by Ri, 
we have 

1 N 

Ri < min{ , nun .{1 - e Ui } _ (1- [] e «, )}- 

(32) 

The second cut is a simple single user erasure channel. Thus, 

Ri < jfZiQ-ed,). 03) 

Now, if we repeat the cut-set discussion for all u^'s, the 
achievable common rate is R = minRi. 
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Fig. 5. Cut-sets used to find the rate upper bound 



VI. Performance Analysis 

In this section, we study the performance of the three 
aformentioned schemes (i.e. OWR, MPWR and OPPWR) in 
terms of their achievable rate and the transmission overhead 
for the data exchange between the users. Here, we assume 
a symmetric EMWRC with uplink and downlink erasure 
probabilities e u and e c [. 

The achievable rate of the schemes is determined by the 
worst erasure rate between a pair of users which is reflected in 
EEER. In addition to EEER, the number of consumed uplink 
and downlink slots (number of channel uses) for data exchange 
between users is also important for to make a fair comparison 
between the schemes. To this end, we consider the normalized 
achievable rate which is the carried data over one uplink 
and downlink time slots. According to this definition, the 
normalized achievable rate for OWR, MPWR and OPPWR are 
Rowr = (1 - e? WR )/iV, i? M PWR = (1 - e^ PWR )/(iV - 1) 
and -Roppwr = (1 - e° FPWR )/N respectively. 

Figure [6] depicts the comparison between the normalized 
achievable rates of OWR, MPWR, OPPWR, and the rate upper 
bound (derived in Section [j]) for an ideal channel with no 
erasure, i.e = e u = 0. As seen, MPWR can actually achieve 
the upper bound for such an ideal channel since its division 
factor, N— 1, is equal to the division factor of the upper bound. 
Also, OPPWR and OWR provide equal rates which always fall 
under the upper bound and the achievable rates of MPWR. 




Number of users (N) 

Fig. 6. Achievable rates when e u = = 0. 

By increasing the erasure rate of channels, MPWR is no 
longer the best approach. The results are shown for a more 
realistic channel with e u = 0.1 and = 0.1 in Figure [7] 
As seen, for N < 4, 5 < N < 8, and 9 < N, MPWR, 
OPPWR, and OWR achieve the highest normalized rate. To 
investigate the effect of reconstruction at the relay as well 
as the shuffled transmission scheduling, numerical results for 
symmetric channels with e u = = 0.1 are presented 
in Figure [8] Using reconstruction and shuffled scheduling 
improves the achievable rates of proposed pairwise scheme, 
specially MPWR. 
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Fig. 8. Achievable rates when e u = = 0.1 and reconstruction and 
shuffled scheduling are applied. 



To better illustrate the performance improvement of random 
shuffling and relay reconstruction, a comparison between 
EEER for MPWR, OPPWR and OWR is presented in Figure g] 
when N = 6. Without reconstruction or shuffled transmission, 
EEER of OWR resides under the EEER of MPWR. However, 
using these two techniques significantly reduces MPWR's 
EEER and for some erasure probabilities, MPWR's EEER 
is less than OWR's EEER. Similar behavior is observed for 
OPPWR where using reconstruction and shuffled scheduling 
results in outperforming OWR by OPPWR over all erasure 
probabilities. 

Figure [10] depicts the simulation and analytical results for 
the transmission overhead of different schemes when e u = 
Cjj = 0.1. Transmission overhead can be considered as a 
notion of delay in EMWRC. Similar to the achievable rates, 
here, the transmission overhead for different schemes are 
normalized. For simulation, a Raptor code with information 



length 14000 and an outer code (LDPC) of rate 0.9872 has 
been used for fountain coding. Also, in the simulation setup, 
a shuffled transmission schedule is used and relay performs 
reconstruction to reduce the effective uplink erasure rate. The 
analytical results are calculated using EEER as explained in 
Section [TV] Note that there is a gap between the analytical 
and simulation results due to assuming ideal fountain code 
in the analytical overhead calculation. However, using EEER, 
the overhead of the schemes can be evaluated well without the 
need for tedious computer simulations. 
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MPWR overhead (simulation) 

OPPWR overhead (simulation) 
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Fig. 10. Overhead comparison for e u = 0.1, td = 0.1. 

VII. Conclusion 

In this paper, we studied low-latency data sharing schemes 
for EMWRCs. To this end, we first mentioned the challenges 
confronting the use of fountain coding for EMWRCs. Then, 
we proposed two simple low-latency data sharing schemes, 
namely MPWR and OPPWR, based on fountain coding. We 
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also showed that by performing simple matrix operations at 
the relay and shuffling the order of users' transmissions, the 
performance of MPWR and OPPWR can be further enhanced. 
To find the achievable data rate and transmission overhead of 
our solutions, we introduced EEER and calculated it analyt- 
ically for our strategies. In addition, an upper bound on the 
achievable rate of EMWRCs was derived. The achievable rates 
of MPWR and OPPWR were then compared with this bound 
as well as the achievable rates of OWR. This comparison 
along with comparing the transmission overhead of MPWR, 
OPPWR and OWR revealed that for small N, MPWR has the 
best performance. By increasing N, first OPPWR and then 
OWR outperform the other two schemes. Seeking methods 
to improve the performance of data sharing schemes over 
EMWRCs, for instance through smarter users' and relay trans- 
mission strategies, is considered to future research directions. 



[17] S. Puducheri, J. Kliewer, and T. Fuja, "The design and performance of 
distributed LT codes," IEEE Trans. Inf. Theory, vol. 53, no. 10, pp. 3740 
-3754, Oct. 2007. 

[18] R. Gummadi and R. Sreenivas, "Relaying a fountain code across 

multiple nodes," in IEEE Information Theory Workshop (ITW), May 

2008, pp. 149 -153. 
[19] A. Molisch, N. Mehta, J. Yedidia, and J. Zhang, "Cooperative relay 

networks using fountain codes," in IEEE Global Communications Conf, 

Dec. 2006, pp. 1 -6. 
[20] C. Gong, G. Yue, and X. Wang, "Analysis and optimization of a rateless 

coded joint relay system," IEEE Trans. Wireless Commun., vol. 9, no. 3, 

pp. 1175 -1185, March 2010. 
[21] M. Uppal, G. Yue, X. Wang, and Z. Xiong, "A rateless coded protocol 

for half-duplex wireless relay channels," vol. 59, no. 1, pp. 209 -222, 

Jan. 2011. 



VIII. Acknowledgments 

The authors would like to appreciate Kaveh Mahdaviani for 
providing us some parts of simulation codes. Further, we thank 
Natural Sciences and Engineering Research Council of Canada 
(NSERC) and Alberta Innovates Technology Futures (AITF) 
for supporting our research. 



References 

[1] C. Shannon, "Two-way communication channels," in Proc. 4th Berkeley 
Symp. Math. Stat. Proh., vol. 1. Univ. California Press, 1961, pp. 611— 
644. 

[2] E. van der Meulen, "A survey of multi-way channels in information 
theory: 1961-1976," IEEE Trans. Inf. Theory, vol. 23, no. 1, pp. 1 - 37, 
Jan. 1977. 

[3] E. C. van der Meulen, "Three-terminal communication channels," Adv. 
Appl. Prohah, vol. 3, pp. 120-154, 1971. 

[4] T. Cover and A. Gamal, "Capacity theorems for the relay channel," IEEE 
Trans. Inf. Theory, vol. 25, no. 5, pp. 572 - 584, Sept. 1979. 

[5] B. Rankov and A. Wittneben, "Spectral efficient signaling for half- 
duplex relay channels," in Asilomar Conference on Signals, Systems, 
and Computers, November 2005, pp. 1066 - 1071. 

[6] P. Popovski and H. Yomo, "The anti-packets can increase the achievable 
throughput of a wireless multi-hop network," in IEEE Intl. Conf. on 
Communications (ICC), vol. 9, June 2006, pp. 3885 -3890. 

[7] D. Gunduz, A. Yener, A. Goldsmith, and H. Poor, "The multi-way relay 
channel," in IEEE Intl. Symp. on Inf. Theory (ISIT), July 2009, pp. 339 
-343. 

[8] L. Ong, C. Kellett, and S. Johnson, "Capacity theorems for the AWGN 

multi-way relay channel," in IEEE Intl. Symp. on Inf. Theory (ISIT), 

June 2010, pp. 664 -668. 
[9] L. Ong, S. Johnson, and C. Kellett, "An optimal coding strategy for the 

binary multi-way relay channel," IEEE Commun. Lett., vol. 14, no. 4, 

pp. 330 -332, April 2010. 
[10] A. Khisti, B. Hern, and K. Narayanan, "On modulo-sum computation 

over an erasure multiple access channel," in IEEE Intl. Symp. on Inf. 

Theory (ISIT), July 2012, pp. 3013 -3017. 
[11] B. Hern and K. Narayanan, "Joint compute and forward for the 

two-way relay channel with spatially coupled LDPC codes," May 2012. 

[Online]. Available: |http://arxiv.or g/pdf/1205.5904v rpdf] 
[12] B. Smith and S. Vishwanath, "Unicast transmission over multiple access 

erasure networks: Capacity and duality," in IEEE Information Theory 

Workshop (ITW), Sept. 2007. 
[13] D. MacKay, Information Theory, Inference and Learning Algorithms. 

Cambridge University Press, 2003. 
[14] M. Luby, "LT codes," in 43rd Annual IEEE Symposium on Foundations 

of Computer Science, 2002, pp. 271 - 280. 
[15] A. Shokrollahi, "Raptor codes," IEEE Trans. Inf. Theory, vol. 52, no. 6, 

pp. 2551-2567, June 2006. 
[16] J. Castura and Y. Mao, "Rateless coding for wireless relay channels," 

in IEEE Intl. Symp. on Inf. Theory (ISIT), Sept. 2005, pp. 810 -814. 



